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Abstract

1 Problem description

Let p(x) be a polynomial written in monomial basis

p(x) =

n∑
k=0

akx
k (1)

We want to write this polynomial by using the shifted-and-scaled Chebyshev
polynomials basis, i.e., as

p(x) =

n∑
k=0

ckT̂k(x) (2)

where T̂(x) := Tk(ρx+γ) and Tk(x) is the k-th first kind Chebyshev polynomial.
The constants ρ and γ are respectively the scale and the shift factors.

The problem can therefore be stated as: given a0, a1, . . . , an the coefficients that
represent the polynomial p(x) in monomial basis as (1), compute c0, c1, . . . , cn
the coefficients that represent the polynomial in shifted-and-scaled Chebyshev
basis as (2). We are also interested in the reverse transformation. This problem
can be naively solved with interpolation-based techniques (using, for condi-
tioning reasons, Chebyshev nodes or the unit roots depending on the wanted
transformation). Since the degree of the polynomial is in our application large,
this approach is infeasible (I have tested it). We want to obtain the coefficients
ck by only manipulating the coefficients ak. The method we propose is based
on the three-term recurrence that the Chebyshev polynomials satisfy.
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2 A three-term recurrence method

2.1 A three-term recurrence for the shifted-and-scaled Cheby-
shev polynomials

Similar to the (standard) first kind Chebyshev polynomials, the shifted-and-
scaled Chebyshev polynomials satisfy the following three term recurrence:

T̂(0) = 1

T̂1(x) = ρx+ γ

T̂k+1(x) = 2(ρx+ γ)T̂k(x)− T̂k−1(x)

.

With a direct usage of the three-term recurrence, it is easy to show that the
shifted-and-scaled Chebyshev polynomials fulfill the following relations{

xT̂0(x) = 2αT̂1(x) + βT̂0(x)

xT̂k(x) = αTk+1(x) + βTk(x) + αTk−1(x)
(3)

where we have defined α := 1/2ρ and β = −γ/ρ.

2.2 From monomial basis to shifted-and-scaled Chebyshev
polynomial basis

We now consider the polynomial p(x) written in an intermediate form between
(1) and (2). More precisely, fixed a j such that 0 ≤ j ≤ n, we write

p(x) =

j−1∑
k=0

akx
k + xj

n−j∑
k=0

b
(j)
k T̂k(x) (4)

The key observation is that for j = 0 equation (4) corresponds to (2), i.e.,

b
(0)
k = ck and for j = n equation (4) corresponds to (1), i.e., b

(n)
k = 0. Therefore,

our strategy is to compute the coefficients b(j) by using the coefficients b(j+1).
We assume that the coefficients b(j+1) are given, i.e., the following relation is
satisfied

p(x) =

j∑
k=0

akx
k + xj+1

n−j−1∑
k=0

b
(j+1)
k T̂k(x). (5)

and we compute b(j). By using (3), the equation (5) can be written as

p(x) =

j∑
k=0

akx
k + xj

{
n−j−1∑
k=1

b
(j+1)
k [αTk+1(x) + βTk(x) + αTk−1(x)] + b

(j+1)
0

[
2αT̂1(x) + βT̂0(x)

]}
(6)

In order to simplify this equation, we need an intermediate result (which can
be easily proved by induction).

2



Lemma 2.1. It holds

N∑
j=1

ηj(αrj+1 + βrj + αrj−1) =

η1αr0 + (η1β + η2α)r1 +

N−1∑
j=2

(ηj−1α+ ηjβ + ηj+1α)rj + (ηN−1α+ ηNβ)rN + αηNrN+1

By using this lemma (and easy algebraic manipulations), the equation (6)
can by written as

p(x) =

j−1∑
k=0

akx
k + xj

{[
b
(j+1)
1 α+ b

(j+1)
0 β + aj

]
T̂0(x)+

+
[
b
(j+1)
1 β + b

(j+1)
2 α+ 2αb

(j+1)
0

]
T̂1(x)+

+

n−j−2∑
k=2

[
b
(j+1)
k−1 α+ b

(j+1)
k β + b

(j+1)
k+1 α

]
T̂k(x)+

+
[
b
(j+1)
n−j−2α+ b

(j+1)
n−j−1β

]
T̂n−j−1(x) + b

(j+1)
n−j−1αT̂n−j(x)

}

Finally, by comparing (coefficients-wise) this expression with (4), we obtain a
method to compute b(j) starting from b(j+1). More precisely we obtain the
following relations

b
(j+1)
1 α+ b

(j+1)
0 β + aj = b

(j)
0

b
(j+1)
1 β + b

(j+1)
2 α+ 2αb

(j+1)
0 = b

(j)
1

b
(j+1)
k−1 α+ b

(j+1)
k β + b

(j+1)
k+1 α = b

(j)
k 2 ≤ k ≤ n− j − 2

b
(j+1)
n−j−2α+ b

(j+1)
n−j−1β = b

(j)
n−j−1

b
(j+1)
n−j−1α = b

(j)
n−j

(7)

2.3 Conclusion

By using that b
(n)
k = 0 and that b

(0)
k = ck, the idea is to go backward and

compute in sequence

0 = b(N) → b(N−1) → . . . b(2) → b(1) → b(0) = c

2.4 From shifted-and-scaled Chebyshev polynomial basis
to monomial basis

We can use the relations (7) to do the conversion from cj to aj . No further
computation is needed. In this case we will go in the other direction

0 = b(N) ← b(N−1) ← . . . b(2) ← b(1) ← b(0) = c

and, as side effect, we compute aj . The details are omitted but very simple.
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